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• Lecture notes from EPFL course “Numerical simulations of 
magnetohydrodynamics in the early Universe” covering:


• Basics of fluid dynamics 

• Magnetohydrodynamics 

• Turbulence 

• Early Universe MHD (intro to cosmology, Maxwell equations, 
axion electrodynamics and inflation, MHD during radiation-
domination era, chiral anomaly, gravitational waves)


• Review published on arxiv with updated results for MHD in an 
expanding Universe: https://arxiv.org/pdf/2501.05732 

Teaching material

https://jennifer-schober.com/     [password: BernoulliMHD2024]

https://arxiv.org/pdf/2501.05732
https://jennifer-schober.com/


Recommended literature



• Fluid: ensemble of particles that presents collective 
motion and deforms (flows) under shear stresses


• Plasma: electrically quasi-neutral medium of 
charged particles that interact collectively

https://experiments.withgoogle.com/fluid-particlesLagoon Nebula is a large, low-density cloud of partially ionized gas.[1]

From wikipedia

https://en.wikipedia.org/wiki/Lagoon_Nebula
https://en.wikipedia.org/wiki/Astrophysical_plasma#cite_note-1


Different levels of study of plasmas
• Level 0: ensemble of N quantum particles (length scales around and below the de Broglie wave length of the particles)


• Level 1: ensemble of N classical particles (length scales much larger than the de Broglie wave length), we can ignore quantum 
effects and treat the system classically -> kinetic theory 

 

• Level 2: distribution function  can be used to represent local properties of a fluid s (ensemble of particles of species s). It 
corresponds to the distribution of particles per unit of 6-dimensional volume (space and momentum) -> Boltzmann (neutral 
collisional fluids) or Vlasov (collisionless plasmas) equation





• Level 3: multi-fluid equations (hydrodynamics for single fluid) are obtained as a hierarchical system of moments of the Boltzmann 
equation up to any order. Infinite system of equations require a truncation (hierarchy problem). We usually take an equation of state 
to close the system and assume that the length scales of the fluid are much larger than the mean-free path (small Knudsen number)





• Level 4: Magnetohydrodynamics is the study of a plasma obtained after combining the fluid equations for charged particles  (e.g. 
ions and electrons) and treat the system as a single fluid, coupled to Maxwell equations, usual assumptions are neutrality and large 
conductivity (neglecting the displacement current)

R = λDB/l ≪ 1

fs

Ns = ∫ fs(t, x, v) d3x d3v

Kn = lmfp/l ≪ 1

Credit: J. Schober
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level 1

level 2

levels 3 and 4



Kinetic theory of plasmas
Klimontovich equation (discrete ensemble of particles) 

Each particle follows a trajectory given by Newton’s law (kinetic theory)


The elective and magnetic fields follow Maxwell equations


with an average charge and current density given by the integrals over velocity (equivalent to a sum for the discrete 
description)


The solution is a “spiky” number density  that follows Klimontovich equationNs



• Klimontovich equation is difficult to track for many particles and becomes computationally 
unaffordable to study plasmas.


• Average of Klimontovich equation over small parcels of fluid (which are small enough to 
describe local properties and large enough to contain a large number of particles) gives rise 
to the plasma kinetic equation 

where , such that .


Similarly, the electric and magnetic fields are split into an ensemble average and perturbations 
that characterize the collisions, 

fs = ⟨Ns⟩ Ns = fs + δNs

Em = E + δE, Bm = B + δB

Kinetic theory of plasmas



• Boltzmann equation describes the evolution of the distribution function  for each species  
and contains a collision term  that characterizes the modifications of the distribution 
function due to collisions,


• Boltzmann equation usually refers to neutral fluids (no electromagnetic forces) and Vlasov 
equation usually refers to collisionless plasmas (where collective effects are more relevant 
than particular collisions, e.g., infinite conductivity leading to ideal MHD).


• For binary collisions, the collision term can be described as an integral over scattering 
angles  with cross section  and the distribution functions of the two particles before  
( ) and after ( ) the collision

fs s
Γ( fs)

Ω σ(Ω)
f′￼1, f′￼2 f1, f2

Boltzmann/Vlasov equation



• Boltzmann equation can be described using a covariant formulation in the following way 
when extended to relativistic velocities


• This Boltzmann equation is also valid for massless species (like photons and the relativistic 
particles that dominate the primordial plasma content in the early Universe).


• The relativistic collision term is


• This equation is equivalent to the classical Boltzmann equation,

Relativistic Boltzmann equation (Lichnerowicz and Marrot 1940)
Recommended literature: C. Cercignani and G. Medeiros Kremer, “The relativistic Boltzmann equation: 
Theory and applications”, 2002 and L. Rezzolla and O. Zanotti, “Relativistic hydrodynamics”, 2013

 is the collision flux and  is the Møller’s relative speedℱ gϕ



• For external forces that do not depend on the momentum or that only depend on it through 
the Lorentz force, the Boltzmann equation becomes (exercise!)


• This Boltzmann equation is valid for non-degenerate species, its extension to degenerate 
species includes modifications to the collision terms for particles that obey quantum 
statistics (Uehling-Uhlenbeck equation)


where  is Planck constant and  the degeneracy factor (2s + 1 for massive particles and 2s 
for massless particles, being s the spin number).

h gs

Relativistic Boltzmann equation



• The distribution function allows us to compute the average values of any arbitrary quantity a 
at any location x and time t (ensemble average of particles with different velocities that 
compose the fluid parcel at a local position x)


• For the relativistic extension, 


• The averaged quantities will allow us to describe fluid variables when we consider the multi-
fluid and MHD descriptions in the following, for example, the fluid velocity is

d3v → d3p/p0

Average quantities (fluid variables)

Number density ns



• The time evolution of the average value of an arbitrary quantity  (known as the production 
term due to collisions ) is


• It can be shown (exercise!) that the production term becomes


• Therefore, it vanishes ( ) for a collisional invariant  that satisfies


ψ
𝒫

𝒫 = 0 ψ

ψ1 + ψ2 = ψ′￼1 + ψ′￼2

Collisional invariants ψ



• It can further be shown (more difficult exercise!) that  is a collisional invariant iff


• Examples of collisional invariants are the mass , the momentum flux  and the internal 

energy , where  is the peculiar velocity. As an exercise, show that these 
quantities satisfy the property of collisional invariants.


• These collisional invariants can be used to derive the subrelativistic mass, momentum and 
energy conservation equations.

ψ

m mv
1
2

mw2 w = v − ⟨v⟩

Collisional invariant and conservation equations



• Let us now multiply Boltzmann equation by a collisional invariant and average over the 
velocity space. After some algebra (exercise!) one finds a generic conservation equation


• Continuity equation (number density/mass conservation) is found when  (or  
for massive particles), corresponding to the zeroth-moment of Boltzmann equation,

ψ = 1 ψ = m

Conservation equations (non-relativistic Newtonian limit)



• Conservation of momentum is found using the momentum flux , corresponding to 
the first-moment of Boltzmann equation,


where the pressure tensor for a species  involves second-order moments of the distribution 
function





where  is the mass density.

ψ = vi

s

Pij

ρm
= ⟨wiwj⟩ = ⟨vivj⟩ − uiuj =

Tij

ρm
− uiuj

ρm = msns

Conservation equations (non-relativistic Newtonian limit)



• The pressure tensor is not a collisional invariant, hence its conservation equation (second-
moment of the Boltzmann equation) contains a collision term in the right-hand-side 
(production term).


• However, the internal energy density, which corresponds to the trace of the pressure tensor,  


is a collisional invariant and leads to the conservation of energy 

which involves a third moment operator, the heat flux tensor , defined such that Qijl

Conservation equations (non-relativistic Newtonian limit)



• We can get a system of infinite equations by taking each of the moments of the velocity 
multiplied by Boltzmann equation


• As we have observed, the dynamical equation for each moment involves a divergence of a 
higher-order moment. This is known as the hierarchy problem.


• To close the system, we need to consider an equation of state that relates, for example, the 
pressure tensor and the heat flux to the fluid variables (number/mass density, fluid velocity 
and internal energy density).


• To summarize, the conservation equations for a plasma under the Lorentz force are

Conservation equations: The hierarchy problem



• We can also find the relativistic version of the conservation equations multiplying the relativistic 
Boltzmann equation with the four-momentum  and taking the average.


• The conservation equations up to first moment are


,


obtained using respectively.


• This system of equations correspond to the relativistic version of the mass (density), momentum flux and 
energy conservation.


• The integral over the Lorentz force reduces to





pμ

DμNμ
s = 0 , DμTμν

s = ms ∫ Fνfs
d3p
p0

ψ = 1 and pμ,

DμTμ0 = 0 , DμTμi
s = qsns(E + us × B)i

Conservation equations (relativistic)



• If we consider small Knudsen numbers, then we can in general assume that each fluid parcel 
contains a large number of collisions that drives it to local thermal equilibrium, which allows 
us to consider a perturbation of the distribution function around equilibrium,


• A perfect fluid is found when the distribution function is exactly given by the equilibrium one, 
i.e., when  (zero-order hydrodynamics).


• LTE distributions are stationary solutions of the Boltzmann equation, such that the collision 
terms vanishes. The solution to this equation for non-relativistic Newtonian fluids is the 
Maxwell-Boltzmann distribution (exercise)

f1 = 0

Fluids near local thermal equilibrium (LTE)

Kn = lmfp/l ≪ 1

⇒



• Perfect fluids: for perfect fluids (ideal gas), the pressure tensor becomes isotropic and the 
heat flux vanishes.

Fluids near local thermal equilibrium (LTE)

Euler equation



• Imperfect fluids (first-order hydrodynamics): taking the first term in the perturbative 
expansion around Knudsen number (Chapman-Enskog theory), the pressure tensor includes 
an anisotropic term, which can be described by the Navier-Stokes viscosity, and the heat 
flux is described by Fourier’s law (see Roper Pol & Midiri 2025 for details)


•  asda     is the deviatoric stress tensor,  Pij = pδij − Πij

Fluids near local thermal equilibrium (LTE)

Navier-Stokes equation



• For relativistic fluids, the solutions to the stationary Boltzmann equation lead to the Maxwell-
Jüttner (1911) distribution and to the Bose-Einstein and Fermi-Dirac distribution functions 
(see literature for detailed derivations)


• Relativistic perfect fluids: the stress-energy tensor of perfect fluids can be described as





• Relativistic imperfect fluids: first-order hydrodynamics, also known as classical irreversible 
thermodynamics (CIT), suffer from causality problems in the relativistic limit and are not a 
satisfactory description of dissipative effects, so it is in general required to consider second-
order theories (extended irreversible thermodynamics, EIT); see Roper Pol & Midiri (2025) 
review, Romatschke (2009) and Rezzolla’s book.

Tμν = (p + ρ)UμUν + pημν, where Uμ = Nμ/n

Fluids near local thermal equilibrium (LTE)

Maxwell-Jüttner Fermi-Dirac (+) and Bose-Einstein (-)

(-+++) signature



• In the early Universe, we will consider a primordial plasma composed of radiation massless 
particles.


• In the limit of massless particles, independently of their distribution function (Fermi-Dirac for 
fermions or Bose-Einstein for bosons), it can be shown (exercise! hint: see Rezzolla’s book) 
that the isotropic pressure is one third of the total energy density (ultra-relativistic equation 
of state):





• This equation of state allows us to close the system of fluid equations in equilibrium, which 
can be solely described by the conservation law


 

p =
1
3

ρ

DμTμν
s = 0

Application to the early Universe



• Finally, we are ready to combine the multi-fluid equations into a single-fluid description 
(MHD).


• Let us start with plasmas composed of non-relativistic particles containing both electrons 
and ions. Until now, we have considered collisional invariants when dealing with collisions 
between the same species. However, for interacting particles, we will get an additional 
collision term in the momentum equation of each species


• This term corresponds to the modifications of the average velocity (momentum) of particles 
of species s due to collisions with other particles and should satisfy the property


∑
s

Ks = Ke + Ki = 0

Single fluid. MHD description



• Therefore, we can now sum up the continuity and momentum equations to find the following 
conservation equations for the combined single conducting fluid (MHD description), 


where we have defined the single-fluid mass and charge density, current density, total 
pressure, and velocity

Single fluid. MHD description (non-relativistic)



• In the relativistic limit, we find


,                    


where  is the Lorentz four-force and is is equivalent to the 
divergence of the electromagnetic stress-energy tensor, since this conservation law has to be 
compatible with Bianchi identities according to GR (see Roper Pol & Midiri 2025).


•On the other hand, if one combines the momentum equations of different species (see 
Nicholson for details), the generalized Ohm’s law can be found, which after a few 
simplifications it leads to

DμTμν = f ν
Lor Tμν = ∑

s

Tμν
s

f ν
Lor = (E ⋅ J, ρeE + J × B)

Single fluid. MHD description

Covariant formulation Non-relativistic Ohm’s law



• If two metric tensors can be transformed into each other via a Weyl transformation


then the equations of motion in the metric  can be transformed to the equations of motion in 
the metric  in the following way


This shows that the equations in an expanding Friedmann-Robertson-Walker metric tensor can 
be expressed as those in flat space-time (Minkowski) when considering conformal time, such 
that 


The final set of equations after conformal transformation become

g
g̃

Single fluid. MHD description in an expanding Universe



Single fluid. MHD description in an expanding Universe

Relativistic MHD equations in an expanding Universe (Roper Pol & Midiri 2025)

Conservation of Tμν

Maxwell equations

Ohm’s law


