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ntroauction

A large number of physical systems exhibit stochasticity and are random realizations:
Examples include turbulent fluids, density perturbations, gravitational wave backgrounds, and acoustic noise fields.

To quantity
realization

INn particulo

such seemingly random systems, it is generally not meaningful to study individual
s (i.e., specific field configurations), but rather their statistical properties.

- we are often interested in understanding how a statistical quantity depends on

the scale of interest - for instance, a length scale r or wavenumber k, or a time duration 7 or
frequency f.

This allows us to answer questions such as "'on what scale are density perturbations largest?" or
‘at what slope does the noise power decay at high frequencies?”

The aim of this lecture is to build up the concept of o power spectrum: starting from real-
space correlations, moving to their Fourier-space representation, and finally to the discrete
periodic lattice rclevant for numerical simulations.
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Two-point Correlation Function

- Consider a statistically homogeneous and stochastic scalar field f(x) with zero mean, (f(x)) = 0

- The most basic statistical measure of correlations is the two-point correlation function:

§(r) = (f(x)f(x+1))

where () denotes ensemble average, i.c. an average over all realizations, and & depends only on r
from homogeneity.

- Note that we usually do not have access to an ensemble of universes or simulations.

- |f the system is assumed to be statistically homogeneous (translation invariant), we can replace the
ensemble average by o spatial average over the simulation domain (ergodicity):

) =35 | d'afef(x+1)

. For isotropic statistics, the correlation function depends only on the magnitude r = |r|, §(r) — §(r)



Fourler lranstorm

Fourier transform INnverse Fourier transform

. Sk . .
flo= [ dafeoe™, (0= [ G5 fk)et

We will use this to obtain a definition of the power spectrum.



:_DOWG]_/ SpeCtrum Fourier transform INnverse Fourier transform

_ | 3, |
fk) = /R 3 Pz f(x) e X, f(x) = / (;Zwl;g f(k) etikx

. Consider the ensemble average (f(k)f*(k'))



__DOWG]_/ SpeCtrum Fourier transform Inverse Fourier transform
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. Consider the ensemble average (f(k)f*(k'))

Insert Fourier Transform

« |nsert the Fourier transform:

(FI) F* () = / 83z / 83! e~ KX () £ (X))



__DOWG]_/ SpeCtrum Fourier transform Inverse Fourier transform

_ | 3, |
fk) = /R 3 Pz f(x) e X, f(x) = / (;Zwl;g f(k) etikx

. Consider the ensemble average (f(k)f*(k'))

Insert Fourier Transform

« |nsert the Fourier transform:

(FI) F* () = / 83z / 83! e~ KX () £ (X))

Change of variables: _ k. 1/ .
9 _ /d3$/d3’l“6 zkxe—l—zk (x+r) g(r)

set r=x'—x, X =x+r



__DOWG]_/ SpeCtrum Fourier transform Inverse Fourier transform

. 3 B .
fk) = /R 3 Pz f(x) e X, f(x) = / (;ZWI)C?) f(k) etikx

. Consider the ensemble average (f(k)f*(k'))

Insert Fourier Transform

.« |nsert the Fourier transform:
FaOF W) = [ do [ da eex et (10 ()
set r=x—x, X =x+r

Change of variables: _ k. 1/ .
9 _ /d3x/d3re zkxe—l-zk (x+r) §(I‘)

Homogenity allows factorizing __ /d?’:IJ e—i(k—k’)-x/d?)r 6—|—ik’-r§(r)

the integrals since & = &(r)



__DOWG]_/ SpeCtrum Fourier transform Inverse Fourier transform

. 3 B .
fk) = /R 3 Pz f(x) e X, f(x) = / (;Zﬂl)Cg f(k) etikx

. Consider the ensemble average (f(k)f*(k'))

Insert Fourier Transform

« |nsert the Fourier transform:

(FI) F* () = / 83z / 83! e~ KX () £ (X))

set r=x—x, X =x+r

Change of variables: _ k. 1/ .
g _ /d3x/d3re zkxe-l—zk (x+r) 6(1‘)

Homogenity allows factorizing __ /dS:B 6—i(k—k’)-x/d3r 6—|—ik’-r§(r)

the integrals since & = &(r)

Identify delta, use that &(—r) = &(r), = (27-()35(3) (k — k’) /d3'r etk g(r) .

define P(K) as Fourier transform of &(r)
e

Different modes are uncorrelated



__DOWG]_/ SpeCtrum Fourier transform Inverse Fourier transform

. 3 B .
fk) = /R 3 Pz f(x) e X, f(x) = / (;Zwl;g f(k) etikx

. Consider the ensemble average (f(k)f*(k'))

Insert Fourier Transform

« |nsert the Fourier transform:

() F* (k) = / 2 / Bz %X HK X (f(x) £ (x))
D = [ [Brewxewiein g

Homogenity allows factorizing _ /dS:B 6—’i(k—k’)-x/d3r 6—|—ik’-r€(r)

the integrals since & = &(r)

Identify delta, use that &(—r) = &(r), = (27-()35(3) (k — k’) /d3'r' etk §(r) .

define P(K) as Fourier transform of &(r)
N —
P(k)

. Define the Power Spectrum: <f(k)f*(k’)> = (271)36®) (k — X') P(k)



Interpretation and Variance

- The two-point function and Power spectrum are Fourier pairs:

3
()76t 1) = 60) = [ 555 PUOET, Pl = [ dPrg(eye s

3k
277)3

. At zero separationr = 0 (f*) =£(0) = / ( P(k)

- Interpretation:
The power spectrum measures the contribution to the total variance per 3D Fourier element.



Power spectral density

. | the statistics of the field are isotropic, then the power spectrum depends only on the
magnitude of the wavevector: P(k) = P(k), k = k|

. Switch to spherical coordinates in k-space: d%k = k2 dk dQ , fdﬂ = 47

| , Pk,
. At zero separation r = 0. (f%) = ]
/ / dQ k® dk Power Spectral Density
2
i P(k) = 5 P(K)
— /O ramys F(R) dk / Pk >

- Interpretation of the Power Spectral Density:

The power spectral density measures the contribution to the total variance per k.
This is a more natural quantity, since it tells us something about the variance at a certain scale.



A formal estimator

. Suppose we set k = K’ (ill-defined): <\f(k)|2> = (2m)*6®%)(0) P(k)

"
RB so that: P(k) ~

. We may “interpret’ this using that, formally, §®(0) = (2 o
R

- It we assume isotropy, then P(k) = P(k), and we can construct an estimator for P(k) by
computing the average over infinitesimal spherical shells of radius k:

P(k) ~ i/dﬂf{ f (k)|

. This expression is not well defined due to the infinite volume factor Vg, but it is structurally
interesting, since, as we shall soon see, we will be able to replace it with the finite simulation

volume V when moving to the lattice.
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Typical simulation

Discretized lattice.
N° sites, X, = Axm

Finite simulation domain
V=L’

Periodic boundary conditions



The full universe is
an infinite space
Conseguences?

of discretized

oeriodic domains
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Consequences of lattice discretization

. Simulations: consider periodic cubic domains V = [0, L)3 with N? lattice sites

- Lattice sites are reached as: x,, = Az m, m; =0,1,..., N —1
. Periodicity: ¢k (xtLei) — gikx i whichmeans e*f =1 = kL = 2mn,, n; €7
: 27T 3 -
Hence, allowed wave vectors are discrete:  k, = — n, n=(ng,nyn,) €% Ak =7

L
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Consequences of lattice discretization

. Simulations: consider periodic cubic domains V = [0, L)3 with N? lattice sites

- Lattice sites are reached as: x,, = Az m, m; =0,1,..., N—1

- Discrete sampling on lattice sites: Two Fourier modes K and K’ are indistinguishable on
this sampling if ¢ *m — oikxm /1y

o i(K'—K)-(Azm) _ 1

. Satisfied when vm

= (k' —k)-(Azm) =27 (£-m), lc7’
- Hence, the discretely sampled field cannot distinguish between wavevectors separated by
integer multiples of 2w/ Ax = NAk along any axis, and it is sufficient to restrict to one unique

set of N independent modes per direction, for instance .. ¢ T 7 )
Az’ Azx

27 ng, 0<n; < L%J )
which can be implemented as  ki(n) = 7 = LN J <
2




Lattice and dual lattice
| attice N =38 Dual lattice
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k-mapping in 2
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k-mapping in 2

7
+—

0 —@- 9
O

0ré——$#+
% ;.—.—0—?—0—
3
2 -~
|




r

Discrete rourier [ ransiorm

. For some field sampled on discrete lattice sites fm = f(xm) With Xm = Azm the
Discrete Fourier Transform (DFT) is defined as:

Discrete Fourier transform INnverse transform
A 2 1 ; 2mq
fo= x5 2 fme N fm= 5 ) fae' N
meN neN
/-> dual lattice n —\
Map from lattice ki(n) 27 n;, 0<mn; < {%J ,
L \n) = — X
m, X, =—m L |n—-N, |¥|<n<N-1

N



From Continuum to

attice

Continuum

~

flo= | dajxe  ——

| attice

.27

fn= erfs Y fme ‘NPT

meN

<fnf:1’> =V Py Onn

knEshell(k)

| ful?
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k-shell binning in 2
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Take-away message

. Pick your favorite DFT library to compute fn from fm = f(Xm) (Check normalization!)
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‘ake-away message

. Pick your favorite DFT library to compute fn from fm = f(Xm) (Check normalization!)

27 {ni, 0<n; < \_%J :
|3

- Map n to k,, using adequate mapping, e.g. k;i(n) = — X



Take-away message

. Pick your favorite DFT library to compute fn from fm = f(Xm) (Check normalization!)

| < | N
- Map n to k;, using adequate mapping, e.g.  ki(n) = 2m X {n’" 0<m<[3],
Lo lm-n, |§

| fnl’ falling into that shell: - > ful?
V N V

¥ kncshell(k)

. Bin kyinto shells k and compute the average of al



Take-away message

. Pick your favorite DFT library to compute fn from fm = f(Xm) (Check normalization!)

_27’(‘ n;, OS’I’LZS\_%J,
L

- Map n to Kk, using adeguate mapping, e.9. k;(n) = —
s n Using adeo PPiINg €9 k() =X\ " N

;12 ;12
. Binkyinto shells k and compute the average of all fn falling into that SheH:i Z /x|
4 Nk, cshell(k) v

- ldentify this average as an estimator of the Power spectrum:

P(k) ~ P(k) = — > |f{}‘ ,

N
kn Eshell (k)

- Hence: \ery simple and quick to compute Power Spectra on the Lattice!



Case study: the velocity spectrum




T'he velocity spectrum

—k-x

. We consider a velocity field u(x) with Fourier transform: a;(k) = /d3:1: u; (X) e

+ Define the Power Spectrum Tensor P;(K): (i (k) @ (k') = (27)36®) (k — K') P;; (k)

he kinetic energy density (per unit mass) is the variance of the velocity field:

3
K = % (u?) — % / (;ZWI;B Pi(k), | with Pi(k) = Y3 Py(k)

K==
2

- Assume Isotropy: 1 [ 42 0o 1.2
/O oyt Pi(k) dk = /O 5 Pu(k)| dk
E. (k)
and define the kinetic energy spectrum

2 00




2 00
But) = 13 Pald), K= [ B®)dk

‘nhe velocity spectrum

Longitudinal and transverse decomposition

- Any vector field can be decomposed into a longitudinal (curl-free) part and a transverse
(divergence-free) part.

. |n Fourier space: Longitudinal: project onto k Transverse: subtract longitudinal from total
ir,i(k) = ki(kji;(k)) ur,i(k) = ;(k) — ari(k) = (8;5 — kik;)a;(k)

A

k) kmkn 4+ Pr(k) (Omn — kmkn)
) + 2Pr(k)

. The Power Spectrum tensor splits into L and T parts: Ppn(k) =

Pr(k
Pii(k) = Pr(k
- The total kinetic energy can now be computed as: K = EL(k)+ Er(k)| dk

. 2 2 .
with Er(k) = 4k_7T2 Pr(k), Er(k) = % Pr(k). May include factor of 2 here
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['he velocity spectrum

Eg: Growth of vorticity

Uncollided sound-shells Plane-wave expansion
onl ::nal mod Linear evolution: Non-linear evolution: ET(k) 7& Oisa trac§r of
iy compressional motes non interacting Sound-waves  interacting acoustic modes non-linear evolution
l} ‘U’ ‘U’ and turbulence.
E (k) =E (k) — E, (k) =0 Er(k) =0 Er(k) #0

34



['he velocity spectrum

T 1

Eg: Growth of vorticity

£ (&) Er(K) E7(k)/Er(k)
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* E.(k) initially vanishing, much_smaller than the compressional component £, (k)
* Transfer of energy from longitudinal to transverse modes

* Transverse velocity spectrum grows with time (Generation of vorticity, evolution is non-linear)

Hence: Velocity spectra (Longitudinal and Transverse) are tools to understand the dynamics, energy transport, non-linear
evolution, vorticity/turbulence, etc.

35



