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1 Introduction

Magnetohydrodynamics (MHD) is the study of the dynamics of a plasma and the elec-
tromagnetic fields. MHD is used to study fluids that are partially or fully ionized and
can carry density currents. These density currents yield magnetic fluctuations that at
the same time drive the fluid particles via the Lorentz force. In such situations, the
fluid motion induced by magnetic fields needs to be included in the fluid’s equation of
momentum conservation. At the same time, Maxwell equations determine the dynam-
ics of the electromagnetic fields in the presence of currents. The resulting dynamics is
then governed by the fluid conservation laws: conservation of mass, momentum, and
energy, together with Maxwell equations.

For neutral uncharged fluids, the fluid description allows to represent scales larger than
the mean free path under the assumption that quantum effects are negligible, i.e., scales
larger than the de Broglie wavelength. A system of N particles can be treated like
classical particles when their typical separation [ is much larger than the de Broglie
wave length of each particle, such that R = Apg/l < 1. In this case, the wavefunctions
of each particle are separated and quantum interference is not relevant, such that the
position and velocity of the particles can be described by classical mechanics. This
is known as the Ehrenfest’s theorem. When the system contains a large number of
particles N over a length scale L much larger than [, characterized by low Knudsen
number Kn =[/L < 1, then the collective dynamics of the system can be approximated
by a continuum (or fluid) description. Each patch of the fluid contains a large amount
of particles but are small enough to guarantee homogeneity within the patch, which is
given the same velocity on average and is assumed to be in thermodynamic equilibrium.

For a plasma, composed of freely charged particles, using MHD we require the fluid



scales to be larger than the plasma scale lengths as the ion gyroradius. At smaller
scales, kinetic theory becomes necessary to describe the plasma.

Plasmas can be found at laboratories, confined by strong magnetic fields, and this
corresponds to an extremely active topic of research, in particular related to nuclear
fusion. However, plasmas are more abundant outside our planet, in stars, galaxies, and
even in the early Universe.

Validity of MHD

In the first place, we can consider a distribution of charged particles formed by a number
of different species s, for example, ions and electrons. The most elemental theory once
quantum and relativistic effects can be ignored is kinetic theory, which describes the
motion of charged particles in the presence of electric and magnetic fields.

In the case of charged particles, electrostatic forces will generate a Debye screening
around a charged particle, which produces a electrostatic potential,

b=, 0
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for a density distribution of particles ng. This assumes that electrons and ions have
reached thermal equilibrium separately. Therefore, the potential of an individual par-
ticle decays much rapidly that 1/r due to the effective cloud of particles with opposite
charge that screen the test charge particle. This shows the collective behavior of a
plasma when we consider distances [ > Ap. This can be quantified by the plasma
parameter of species s, obtained by comparing the average potential energy ® of a
particle due to its neares neighbor,

e? 1/3 2
O~ — ~ny e, (3)
r

with the particle’s kinetic energy %ms<v2> = %Ts. Comparing this and requesting that
kinetic energy is larger than electrical potential energy, we find

Ay =nghd > 1. (4)

Hence, the requirement for a plasma approximation is that the plasma parameter, i.e.,
the number of particles of species s in a box of Debye length size is large.

The Debye length is also related to the plasma frequency. Let us consider two slabs of
electrons and ions, with a difference in size 9, then the electric charge of the ion’s slab



into the electron’s slab leads to a harmonic oscillator for § with a frequency,
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usually much larger than that for ions, as m; > m,. The Debye length is A\; = v /w;,
being v, = the thermal speed.

Another important length scale in the plasma is the gyroradius, or Larmor radius,
corresponding to the oscillatroy motion induced by a magnetic field in its perpendicular
direction. The mean gyroradius is

VMg
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In general, we will consider MHD to be a valid theory when all fluid scales are larger
than the Debye length and the Larmor radius (such that we can ignore local plasma
effects) and larger than the de Broglie wavelength (allowing us to ignore quantum
effects). The plasma scales usually play the role of the mean free path considered for the
validity of the fluid approach when dealing with plasmas. For radiation particles, the
gyroradius vanishes and hence, this will not incorporate a relevant scale for determining
the validity of the MHD description.

About collisions

We have seen that the Debye screening avoids a charged particle to effectively “collide”
with particles further than their Debye length, so we can approximately consider that
each particle undergoes A simultaneous Coulomb collisions. Even though many colli-
sions can occur (as A is large) in a plasma, each collision is weak, so the total collective
effect of collisions might be weak. Note that the requirement of the potential energy
to be much smaller than the thermal energy implies A > 1.

The importance of collisions can be estimated using the collision frequency, the inverse
of the time it takes for a particle to suffer a collision. This can be estimated to be

ve _ InA

we  27A, (7)

This estimates the number of collisions between electrons and ions and will give rise
to the conductivity. The addition of collisions among ions will correct this value.
Furthermore, the mean-free path of the ions /; will determine the viscosity v ~ v,l; with
vy being determined by their random velocity. Hence, the viscosity will be a single fluid
effect that will become relevant after we derive the single-fluid equation (MHD) and
it can be understood in an analogous way to the viscosity obtained in hydrodynamics
for a fluid composed of neutral particles (see Brandenburg and Subramanian 2005,
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and Spitzer’s book for estimates of these coefficients, and Arnold, Moore, Yaffe, 2000.
for estimates of these coefficients in the early Universe). Thus, for large A, the effect
of collisions is much smaller than that of collective effects, for example, the electron
frequency. For the description of collisions and estimation of transport coefficients in
the early Universe.

2 Kinetic theory of plasmas

2.1 Klimontovich equation

Let us now consider the number density of charged particles
N(z,v,t) ZN:cvt with Ny(x,v,t) Z(Sw— |6[v — V(). (8)

For any plasma composed of different particles, we can extend this description to each
species (for example to quarks, gluons, ..., in the early Universe). If we know the
position and velocity of all particles i, then we can solve the equations of motion for
each particle

Xz(t) = Vz(t> ) msvi(t) = QSEm[Xi(t)7t] + QSVi(t) X Bm[Xz(t)a t] ) (9)

where the electric and magnetic fields are produced by the charged particles following
Maxwell equations,
V-E"=p" V- -B"=0, (10)

VxE"=-9,B", VxB"=J"+E", (11)

qu/dvl\f x,v,1) qu/dvas(a:,v,t), (12)

are the charge and current densities. Under this description, charged particles are
treated as discrete point particles. Then, by conservation of the number density of
particles, one can find the exact Klimontovich equation of kinetic plasmas,

and

O Ns(z,v,t) +v- VN, + ¢, (E™ +v x B™) - V,N, =0, (13)

which naively might look similar to the collisionless Boltzmann equation for fluids,
but now this is for a discrete “spikey” number density. This is an exact equation
that allows us to solve for the position of a system of particles, together with Maxwell
equations. However, this is extremely costly as it requires to follow the orbit of each
of the particles in the system.



2.2 Plasma kinetic equation

We now consider the probabilty of finding a particle in a small volume AxzAwv of
phase space centered at (x,v) and average (Ny(x,v,t)) around this point, leading
to a smooth function fy(x,v,t) that contains multiple particles. This corresponds to
the distribution function of the particle species s. We can now consider expansions
of the number density Ny = f; + 6Ny and the resulting electric and magnetic fields
E" = FE + §FE and B™ = B + /B in the Klimontovich equation to find

8tfs+v~st+%(E+v><B)-vas — —%((5E+vx53)~VU6NS> = (df./ db).,

S S (14)
where the right hand side corresponds to terms that are sensitive to the discrete nature
of the particles, i.e., collisions, while the left hand side to collective effects. This is the
plasma kinetic equation. When we can ignore the effects of collisions we find Vlasov
equation (analogous to collisionless Boltzmann equation), which is usually solved to
study plasma instabilities (e.g., Weibel instabilities).

Then, the charge and current densities are obtained as

qu/ dv fi(x,v,1), (15)
qu/dvvfsscvt) (16)

BBGKY hierarchy

Before moving to fluid equations, let us consider the Liouville equation, which is
equivalent to Klimontovich equation when we deal with a system of N particles and
we consider f as the joint distribution function of all the particles in the system
flxy,xa,...,v1,v9,...,t). Then, we can show that the equation for the marginal
distribution function obtained by the integration over x; and wv; space for all i > k is

atfk+z vz x; fk+zza’lj V fk‘l'

=1 j5=1

Z/ depy1 dve1@ik11° Vo, fry1 = 0.

(17)
This is the BBGKY (Bogoliubov, Born and Green, Kirkwood, Yvon) hierarchy equa-
tion that couples each f; to frr1. This equation is as complicated as the original
Liouville equation, but we can consider only the distribution function of one particle
after averaging over all the other particles of the system, and that of two particles
(the latter corresponds to the effect of interactions between two particles, or binary
collisions),

Ny —1

Of(x,v,t)+v - Vf(x,v,t)+ / dxy dvears - Vi fo(x, v, @0, v2,t) = 0. (18)

6



We can express fs as

f2(w7 v, T3, U, t) = f(fl?,’l),t) f(w27 ’Ug,t) + g(wa v, 5132,’112,25) 9 (19)

which is the first step of the Mayer cluster expansion. The function g corresponds to
the correlation function between particles 1 and 2. We can see that the integral over
o and v, of the acceleration aq, exerted by particle 2 over particle 1, corresponds to
the acceleration a,

atf + v - Vf +a- va = —no/ da32 d’02 ao - va . (20)

As the function g = fo — ff, we can go to next order in the BBGKY expansion and
derive an equation for fy; where 3 particle interactions will appear (f3), corresponding
to next term in the Mayer cluster expansion, f3(123) = f(1)f(2)f(3) + f(1)g(23) +
f(2)g(13) + f(3)g(12) + h(123). Ignoring h(123) and inserting f; in the BBGKY
expansion [see Eq. (17)] allows to find an additional equation for g. Note that h is of
higher order in A. This treatment allows to solve for all possible binary collisions in the
system but it is untractable for many practical applications. To simplify the system,
we can assume that the function g relaxes on a time scale very short compared to the
time scale on which f relaxes. This can be understood considering the incorporation of
an electron in our plasma, then leading to a time for the other electrons to adjust the
time it would take them to have a collision with the new electron, which is proportional
to Ae/Ve ~ 1/we. On the other hand, the time it would require f; to change because of
collisions is ~ A /w, > 1/w,. This is known as Bogoliubov’s hypothesis and a similar
concept was already introduced in Chapman Enskog theory to approximate the heat
conductivity and the viscosity coefficients. Note that Chapman Enskog theory also
requires an expansion of the distribution function in Knudsen number, Kn = l,,4,/L,

F=f94Knf®4+Kn?r® ..., (21)

where f(© is the Maxwellian distribution and f() the first term in the expansion that
includes the effects of binary collisions.

Under the 2-BBGKY hierarchy expansion and Bogoliubov’s theory, one can find Lenard-
Balescu equation that allows to compute f by including binary collision terms,

of ¢*(k) / / /
2 ek o) @~ VN @)Vl () = (W) Vo] (Ufi;)

with ¢(k) = €*/k* being the Fourier transform of the Coulomb potential and the
dielectric function being

e(kw) =14 %z/ dv@Y—’M. (23)

-y, / dk dv'kk
me

Many plasma collisional phenomena can be studied using Lenard-Balescu equation
and it is relevant to study many of the plasma instabilities in collisional plasmas. An

7



interesting aspect of this equation is that its solution tends to a Maxwell distribution
when ¢t — oo and conserves the particle density, the momentum and the kinetic energy.
It can be shown that Lenard-Balescu equation can be expressed as a Fokker-Planck
equation (known as its Landau form),

0uf(v,t) = =V - [A(f(v)] + 5V Vs : [Bf (V)] (24)

being A and B the coefficients of dynamic friction and diffusion.

Maxwellian
distyibution

Dimengionless velacity
distribution

Oimensionless velocity
Fig. 5.2 Time evolution of a spherically symmetric electron distribution function as ob-
tained from a numerical solution of the Landau form of the Fokker-Planck equation (5.32)
by MacDonald ¢t al. [7].

3 Boltzmann and Vlasov equations

The dynamics of the distribution function f are described by Boltzmann equation
when the system is composed of electrically neutral particles. When the plasma is
only subject to Coulomb forces, the dynamics is described by Vlasov-Maxwell equation.
The total number of particles of the species s is given by integrating over the position
and velocity 6-dimensional space,

Ns(t):/f(z;w,v) d*x d*v (25)

In the absence of collisions, the Boltzmann equation for a system of particles with mass
m and an external force F' is

dfs(t, x,v)

Fy
dt :atfs+(v'v)fs+(H'Vv)fszoa (26)

S

where V, = 0/0v’, and it represents the conservation of the distribution function
f, i.e., the advection in position due to the motion of particles with velocity v and
the advection in velocity due to the acceleration induced by the external force F'y, =
¢s(E +v x B). Collisions introduce a modification of the distribution function, leading
the the Boltzmann equation

Of+ (0 9)ft (229, =T 1)

S
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where I' = df,/ dt due to collisions.

The simplest case considers only binary collisions between particles at velocities v,
and v,. In this case, the collision term is

I(f) = / d*o, / AQo(Q)]wr — w2l (fof] — fofr) (28)

where prime determines the distribution function after the collision and f, 2 = f(t, x, v12).
o(2) is the differentiable cross section over the solid angle © of the short-range in-
teraction responsible for the collisions. In a real plasma, one needs to consider the
interactions between all the different particles, which can be extremely challenging.
In general, we will only consider a perturbation expansion around the distribution
function in local thermal equilibrium and use an effective description of the transport
coefficients.

The average value of any quantity a is

(o)t @) = / of (¢, v) dv, (29)

n

where n is the number density,

n(t, ) = /f(t,a;,'v) d*v . (30)

In general, collision effects are less important when dealing with charged plasmas than
with fluids composed by neutral particles due to effects like Debye screening and the
confinement of particles around magnetic fields. We have already argued that A > 1
is in general large for most of plasma applications. Hence, we will ignore their effects
for now and only incorporate them after we have derived the fluid equations via the
inclusion of viscous effects and electrical conductivity. This will allow us to consider
phenomena with characteristic frequency w > w./A, i.e., short time-scales compared
with collisions.

The resulting equation for plasmas when we neglect collisions is Vlasov equation,

8tfs+v-st+%(E+vxB)-vas:O, (31)
S

This equation is usually solved to study collisionless plasma instabilities (e.g., Weibel
instability), linear waves (electrostatic waves like Langmuir waves, ion-acoustic waves,
Bernstein modes), nonlinear waves (BGK modes, and damping effects (e.g., Landau
damping, cyclotron damping). Open-source codes like Runko are available to solve for
Vlasov equations using particle-in-cell simulations. Within Vlasov theory one can study
many plasma instabilities, waves, Landau damping, etc. that cannot be incorporated
in a fluid description, generally due to the v dependence of the distribution functions.
Furthermore, many plasma waves that can be studied in two-fluid theories already



appear in kinetic theory. These plasma effects will only be relevant for small frequencies
but not close to zero, as this will correspond to stationary situations (infinitely small
collision time) that can again be studied once we incorporate an MHD fluid description
(similar as we did with hydrodynamics).

The covariant formulation of Boltzmann equation was first obtained by Lichnerowicz
and Marrot (1940),
pﬂD,ufs + mDp“(FHfS) - H(fs) ) (32)

where p* is the four-momentum and II the relativistic extension of the collision term,
taking into account interactions of particles with different momentum p#. This equation
allows us to extend the description to generic backgrounds and to relativistic species.
Indeed, for subrelativistic velocities and massive species, such that p* = mov* = m(1,v)
in flat Minkowski space-time, we recover Boltzmann equation,

matfs + mviaifs + Eavifs = mF(fs) . (33)

Collisionless Boltzmann equation can be understood as the conservation of f along
particle trajectories,

o/ @A), pHN) =0, (34)

in analogy to the total derivative D; = 0,+u-V+a-V,. This equation is required to be
satisfied in any reference frame and hence it directly provides the covariant formulation
of Boltzmann equation.

4 Multi-fluid equations

In this section, we will take moments of the Vlasov equation by considering two-fluids,
one composed by ions and one composed by electrons. This description is useful to
understand the basic concepts of MHD and their range of applicability and can be
generalized to a fluid composed by n multiple species.

The system of two-fluid equations still maintain a very rich phenomenology of plasma
physics. With this system one can study Langmuir waves, ion-acoustic and ion plasma
waves, electromagnetic waves (modified from vacuum), upper hybrid waves, electro-
static ion waves, lower hybrid waves, electron-cyclotron waves, whistler waves, R and L
waves (responsible for Faraday rotation), Alfvén waves, fast magnetosonic waves, elec-
trostatic drift waves, streaming instabilities, parametric instabilities. When we take
the single-fluid MHD approach, some of these effects will not be described, as only the
combined motion of the plasma is described.

We will then consider the Maxwell distribution function in equilibrium to study perfect
fluids and will consider small deviations. Note that for plasmas, two-stream instabil-
ities occur when a cold plasma has a relative velocity with respect to another plasma
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component, and make non-Maxwellian distributions to become Maxwellian, showing
that Maxwellian distributions seem to appear even in the absence of abundant colli-
sions.

4.1 Collisional invariants and fluid equations

In general, a collisional invariant v, satisfies the following condition (we omit subscript
s for simplicity)

/r(f)¢d3v:0. (35)
Hence, if we multiply Eq. (27) by ¢ and integrate over v, we find

/zp(?tfd3v+/wv~Vfd3u+%/¢F~V,,fd3v—0. (36)

The first integral becomes

o, / o f v = 9,((¥)n) = d,(yn), (37)

where we note that ¢ does not depend on t as it is a collisional invariant, and n
commutes with () as it does not depend on v. The second integral is

/V (Yo f) o — /fv -V dPv = V- (nypw) — nlv - Vi), (38)
and the third integral is
/ YF -V, fd*v = / Vo, (VFf)d*v — / Ve (¥F) v = —n(V, - (VF)
= — YV, F) = n(F - V1), (39)

where the first term is zero if one assures that f decays to zero when v — oo. Hence,
the equation found from each collisional invariant from Boltzmann equation is

Oumt) + V - (npw) = (nv - Vi) = =WV, - F) = =(F-V,0) =0.  (40)
If we assume that the force F' is independent of v, then
Au{nty) + V- (mupw) — (nv - Vo)) = —(F - Vo)) = 0. (41)

Note that Lorentz force is not independent of v and, hence, one needs to keep this
term in the equations. We will omit this result and directly use the resulting fluid
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equation below. We define the mass density p,, = nm, such that its evolution is found
from Eq. (40) when ¢ = m,

which corresponds to the conservation of mass density, or the zero-th moment of the
Boltzmann equation. Note that u = (v) is the bulk fluid velocity,

u(t,x) =

it 7) /'vf(t,a:,'v) d*v, (43)
and should not be confused with the velocity of the particles. It corresponds to the
average velocity of all the particles contained in a local fluid cell at . Deviations with
respect to the bulk velocity are described by the particular velocity w = v — u, and
moments of the particular velocity will be important fluid variables. For example, the
pressure and heat flux tensors are the second and third-order moments of the peculiar
velocity,

P,y =mn(w,w;) = mn{(v; — w;)(v; — u;)) = mn{vv;) — mnuu; , (44)
Qijt = §mn<wiijl> = §m”[<(vz‘ —u)(v; — ug) (v — w))]
= %mn[(vwwﬁ — uj(vv) — w(vvy) — wi(vv) + 2wujuy) . (45)

Two well known fluid variables will appear in the following, the specific internal energy
¢ and the heat flux g,

e =3 Pi/(mn) = 5(w’), ¢ =Quy; = (wiw?). (46)

Incorporating the pressure tensor, the invariance of the momentum flux ¢y = mwv yields
the first moment of the Boltzmann equation,

at(pmu)+V-(pmuu)+V-P—% =0. (47)

The second moment of the Boltzmann equation is found using the kinetic energy of

the particles ¢ = %m(v —u)? = %mwz, where w is the peculiar velocity. Then,

O (pme) + V- (pmeu) + V -q+ P;;S7 =0, (48)

where S% is the rate-of-strain
S — %(aiuj + 8jui) ) (49)

A similar dynamic equation is found for the pressure tensor P;; if we take the second
moment of Boltzmann equation, corresponding to the equation multiplied by w;w; and
integrated over v.
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In general, a particularity of this system can be observed: any equation involving
a time evolution of the rank-n tensor with n moments of the velocity includes the
n + 1 moment. For example, the mass conservation equation for the zero-moment p,,
includes the V -u term, the equation for the bulk velocity w includes the V- P term, the
dynamic equation for P;; includes V -Q and so on. This corresponds to the hierarchy
problem (analogous to the BBGKY) and arises by the attempt to approximate a full
seven-dimensional f(¢,x,v) function by a finite number of 4-dimensional fluid fields.
We will require in general to give a prescription for some of the moments in terms of
the lower moments that allows to close the system. For example, the equation of state
of a fluid usually describes the pressure tensor Pj; as a function of p,, and € and the
flux tensor );;; as a function of the internal energy ¢.

In plasma physics, we will provide a fluid equation for each of the different species that
compose the plasma. Mass, momentum, and energy conservation equations are

omns+ V- (ngus) =0, (50)
Oi(nsus) + V - (nsusu,) = — V- Py + Q;:S (E +u, x B), (51)
Oi(nses) + V- (ngesus) = =V -q, — P,;;S7. (52)

Then, these equations can be solved together with Maxwell equations,
OB =-V x E, OE =V xB—J, V.-FE=p., V-B=0, (53)

where the charge and current densities are
Pe = Z qsTs , J = Z qsNsUs . (54)
S S

This system of equations is, however, not closed, as mentioned above so it can only be
solved after we provide an appropriate equation of state to solve the system. For some
applications, this system can be expanded to higher orders, as long as the hierarchical
system is closed in a justified manner, which will depend on the distribution function

of the fluid.

The corresponding covariant formulation of the mass and energy conservation of the
fluid can be found taking moments of the relativistic Boltzmann equation Eq. (32).
First, we define the first and second moments of the distribution function

d3p d*p
Jﬁm = m/p”st, T = /p“pyfsp—oa (55)
where J! is the four-mass current and 7" the stress-energy tensor. Since p* and pp”
are collisional invariants, it directly follows

DpJim =0, DT =(f"), (56)

where f" is the four-force density applied in the fluid, its temporal component repre-
senting energy dissipation and the spatial components the Newtonian force. Since the
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conservation of the stress-energy tensor is also a consequence of the Bianchi identities,
one can find that any external forces applied to the fluid correspond to the divergence
of the components of the stress-energy tensor that do not belong to the fluid. For ex-
ample, forces due to electromagnetic forces (Lorentz force) corresponds to the covariant
divergence of the stress-energy tensor associated to electromagnetic fields,

fIljor = _DHTIf]LII\j/[ : (57)

These equations correspond to the conservation of mass, and the conservation of stress-
energy. In the subrelativistic limit, for massive particles, the four-mass current is

I = Pm Jrzn :pmuia (58)

and Eq. (50) for mass conservation is recovered. To obtain the components of the
stress-energy tensor, we first expand up to second order the four-momentum, such
that p° = my ~ m(1 + 3v?) and p' = myv’ ~ m(1 + J0?)v’, where v is the Lorentz
factor of the particle. Then, the stress-energy components become

7% :m/(1+§v2)fd3v = pm(1+e+1u?), (59)

which corresponds to the total energy density (rest-mass, internal, and kinetic ener-
gies),

7% — m/(l + 20?0 f d*v = pp(1 4+ W' + Spng +u P (60)
corresponding to the energy density fluxes, and
TV = m/(l + %UQ)UZU]f d*v = ppuie’ + P74+ §pm<vzv’v]> , (61)

where the last term involves higher-order moments. Incorporating the stress-energy
components in the conservation law of Eq. (56), the energy and momentum conserva-
tion equations in a flat Minkowski space-time Eqgs. (51) and (52) are recovered (as an
exercise, show that combining the conservation laws, the subrelativistic fluid equations
are recovered).

4.2 Maxwell-Boltzmann equilibrium distribution

The equilibrium distribution fy(v) corresponds to an asymptotic stationary solution
of the Boltzmann equation. The H-theorem defines an H function that satisfies the
following relations

dH

atfo(’v)ZF(f)ZO@)f{fé—flfz:O(:)E:O, (62)
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where f] f} — fif2 is the integrand of the collision term in Eq. (28). The function H is

= /f(t, v)In[f(t,v)] v, (63)
and can be used to define the entropy of the fluid in a volume V,
S =—kgVH(t) = —kBV/f(t,m,'v) In[f(t,z,v)] dv, (64)
where kg is the Boltzmann constant. Since dH/dt < 0, then dS/dt > 0.

The condition in the H-theorem is

fifs=hfa=Infl+Inf;=Infi +1n f, (65)

showing that it holds when In f is a collisional invariant. Therefore, In f; is expressed
as the superposition of NV conserved quantities y

In fo(v Z Xi(v) . (66)

For a simple classical monatomic fluid, the conserved quantities are the kinetic energy,
the total momentum, and the particle number, such that

In fo(v) = —Aw?* +InC . (67)

The equilibrium distribution function for a single component system (e.g., monatomic
fluid of identical particles), for which the effects of the external forces are negligible, is
the Maxwell-Boltzmann distribution. Using Eq. (67), we can find

n = /fo(v) d’v = C’/eA“’2 d*w = 47TC/ w?e A duw = C (%) ; (68)
0

where we have used spherical coordiantes to express the integral over w = v — u as an
integral over the peculiar speed w. The specific internal energy of the fluid allows us
to compute the constant A,

_2nC 2 3m2C 3
— Aw? 3 4 —Aw _ _
Defining the temperature for a classical monatomic fluid, such that ¢ = %kBT /m, we
find
m m 3/2
= — C= . 70
%pT’ n<27rkBT) (70)
Hence, the Maxwell-Boltzmann distribution is
: v —uf?
m 2 miv—u
_ _ ) 71
(o) = ) e (=5 (71)
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The root mean square velocity is

A procedure analogous to the one followed to obtain the Maxwell-Boltzmann distribu-
tion yields the following equilibrium distribution in the relativistic counterpart

9s 1
fO - 33 ’
hp exp(—p/T — ptu,/T)
where p is the chemical potential and g5 is the degeneracy factor, g; = 2s + 1 for
m # 0 and 2s for m = 0 for s internal spin degrees of freedom. This is the Maxwell-
Jiitner distribution and applies to non-degenerate fluid. Considering degenerate fluids
(allowing to include fermions and bosons), one can find

(73)

Js 1
fo=

= W opl(B— @) T £1° )

with +1 for fermions (Fermi-Dirac distribution) and —1 for bosons (Bose-Einstein
distribution).

4.3 Perfect fluids

The zero-th order approximation in hydrodynamics corresponds to the assumption
that the distribution function is that found in local thermal equilibrium (LTE), i.e.,
the Maxwell-Boltzmann distribution in the subrelativistic limit; or one of the equilib-
rium distribution functions in the relativistic limit (Maxwell-Jiittner, Bose-Einstein,
or Fermi-Dirac). This corresponds to the perfect fluid description.

The perfect fluid description holds when the collisions in the system are frequent,
such that they drive the fluid parcels to LTE in a time scale [ /v that is shorter
than the time scales characterizing the fluid, being v the typical particle velocity and
lmfp the mean-free path. This corresponds to the limit of small Knudsen number,
Kn = lne/L < 1, ie., small mean-free path of the fluid particles compared to a
characteristic length scale L of the fluid fields.

In a perfect fluid, we can then solve the fluid equations found from taking the moments
of the Boltzmann equation [see Eqs. (42), (47) and (48)], where the pressure tensor P;;
and the heat flux ¢; can be computed using the Maxwell-Boltzmann distribution,

Pij =m(wiw;) = m/wiwjfo('w) dw = 47rmC/w2wiwjeAw2 dw

4 o 2
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where we have defined the isotropic pressure p. The pressure tensor becomes isotropic
as a consequence of the symmetry of Maxwell distribution around w?. This is the case
for perfect fluids but we can have anisotropic pressure tensors in real fluids (e.g., when
incorporating viscosity). For a classical monatomic fluid, we recover the pressure

p=nkgT. (76)

Also as a consequence of the symmetry of the Maxwell distribution, it is automatically
satisfied that heat fluxes are zero,

g = Lpu(ww) = 0. (77)

Going back to the subrelativistic limit, the system of equations in LTE are then the
continuity equation (mass conservation),

8tpm +V. (pmu) =0, (78)

the Euler equation,

1 F
8tu+(u-V)u—|——Vp——:0, (79)
Pm m

and the conservation of energy (note that P;;S¥ = pV - u)

ate+(u-v)a+pﬁvu:o. (80)

We can find an equation for %u2 by taking the dot product of Euler equation with wu,

1 -F

%8tu2+u-(u-V)u+—u-Vp—u—:0 (81)
Pm m

where we can use (u-V)u = %Vu2 and divide by u2. We can also divide the continuity

equation by p,,. Then, we find

1 u-F
Lomu’+L(u- V) lnu2+pm su - Vp— - =0, (82)
Onpp,+u-Vinp, +V -u=0. (83)

Expressing them via the logarithm allows us to directly sum both equations to find a

dynamical equation for the subrelativistic kinetic energy % P2,

8t<%pmu2> +V- (%meQ’l,l,) +u-Vp— pm% =0. (84)

Similarly, we divide the conservation of energy equation by € and add to the continuity
equation to find

O (pme) + V- (pmew) +pV -u=0. (85)
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We can combine the equations for the kinetic and internal energies,

&s(%ugpm - 6pm> +V- [(%U%m +&pm +p) U] = %mu F (86)

The primordial plasma of the early Universe, after the period of reheating, is dominated
by massless radiation particles. It can be shown that independently of their distribution
(i.e., if they are fermions, bosons, or fluid ensembles), the energy density and the
isotropic pressure are

1
== 87
p=3p, (87)
such that the sound speed is
op 1
2
e —— 88
CS 6p . 3 ( )
For massless particles, then J* = 0 and the conservation laws reduce to
D,T" =0, (89)

which now becomes a closed system (energy and momentum conservation) as Pj; =
pdi; = 2pdy; and ¢; = 0.

Note that the covariant formulation of the relativistic stress-energy tensor for the
perfect fluid becomes
™ = (p+ p)UrU" + pg™”, (90)

as a consequence of the symmetry of the equilibrium distribution functions, such
that the pressure tensor becomes pg"”, i.e., isotropic in isotropic metric tensors like
Minkowski, and heat fluxes are zero. This tensor is also the general tensor that can
describe a homogeneous and isotropic Universe and hence, it is commonly used to
express any component of the primordial Universe.

4.4 Imperfect fluids

The zero-th order approximation corresponds to the zero-order expansion around the
equilibrium distribution function and does not account for dissipative effects that lead
to the entropy production. To go beyond this assumption, the distribution func-
tion is expanded using the Knudsen number as the perturbative parameter, following
Chapman-Enskog theory. This allows to describe imperfect fluids in the first-order
hydrodynamics approximation, leading to Navier-Stokes equations describing viscos-
ity, and to heat fluxes, described by Fourier’s law of conductivity. In particular, each
of these terms appear when expanding around Knudsen numbers based on the length
scale associated to the shear stress and the temperature gradients, respectively.

The distribution function is expanded as

f(t,z,v) = fo(t,z,v) + fi(t,x,v) + O(Kn?) . (91)
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In the subrelativistic limit, the additional contribution to the stress-energy tensor due
to first-order imperfect fluids is described by the deviatoric viscous stress tensor II,;,
such that P;; = pd;; — II;;

Y =2v0" + 067, (92)
where is the rate-of-strain tensor, § = S°, = V - is the fluid expansion scalar, and
o = S — %9 d% the traceless rate-of-strain tensor. A kinematic approach to describe
the anisotropic stress tensor, 7T;;, as the more general 2-rank tensor to describe linear
constitutive relations (i.e., Newtonian fluids) also leads to Eq. (92) and corresponds to
the original derivation of the Navier-Stokes equations. The divergence of the deviatoric
stress tensor corresponds to the viscous force,

e = O;IT7 . (93)

visc

A particular choice of the viscous coefficients is such that the stress-energy tensor trace
is zero. Under this condition, known as the Stokes assumption, the thermodynamic
and mechanical pressure are equivalent. Hence, the Stokes assumption is satisfied when
the bulk viscosity vanishes, ( = 0, as ¢*, = 0 by construction.

Similarly, Chapman-Enskog theory also allows to obtain Fourier’s law of conductivity,
where the heat flux is found to be

qg=—rVT. (94)

The fluid equations (let us omit the Lorentz force for simplicity) in the first-order ap-
proximation (following Chapman-Enskog theory) become the following. The continuity
equation stays the same. The Euler equation becomes the Navier-Stokes equation, in-
cluding viscous effects from the shear stress tensor,

8tu+(u-V)u:—in<p—>\V-u> +p£V- (vS), (95)

where A = ( — %y is the dilatational viscous coefficient. If the viscous coefficients are
homogeneous, we get

1 1
(9t'u,+(’u,-V)u:—p—Vp—irpLV2u+p—(C—|—§V)VV-u : (96)
Under the Stokes assumption, Navier-Stokes equation becomes
1
du+ (u-Vu=——Vp+ —Vut —VV.u. (97)
Pm Pm 3pm

The heat conduction equation, where the thermal conductivity characterizes the heat

flux ¢; = —~k0;T, is included in the conservation of energy,
1 P A 2 2v
e+ (u-V)e=—V - (kVT) = =V -u+—(V-u) +=—5;S; , (98)
Pm Pm Pm Pm
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where 11;;9;; = )\(V . u)2 + 2v.5;;S;; > 0 represents the irreversible conversion of me-

chanical to thermal energy through the action of viscosity. The heat-diffusion equation

is found when u = 0, for a constant x,
3kg

K
Oe = —0,T =—V?T = 0,T =
=T oM T 7 Skpom

2me

viT (99)
The specific entropy is defined by the H function [see Eq. (64)],

s=S8/V = —k:B/f(t,a:,'u) In[f(t,z,v)] dv, (100)

which, for the Maxwell-Boltzmann distribution is
3
s = 5nks In(pV*?) + C, (101)

where C'is a constant. The second law of thermodynamics can be derived from this def-
inition of the entropy, using the H integral, where we ignore variations of the chemical
potential p that would enter in the second law,

dp 5 dV)

3 3

We now take into account that, for a fluid in LTE, p = nkgT = %pe, and V = m/p.
Hence,

Tds = p£(7—|—————) =pde—pdp/p = de =Tds/p—pd(1/p) =Tds—pdV .

(103)
From the second law of thermodynamics, we can find an evolution equation for the
entropy, taking into account d = 9; + u - V,

Os+ (u-V)s=0e+ (u-V)e— ﬁatpm — ﬁ(u - V) pm
1

showing that the total variation of entropy is due to heat transfer and the viscous
stresses. Hence, the entropy is completely conserved for a perfect fluid.

The covariant formulation of Navier-Stokes viscosity and Fourier’s heat fluxes (first-
order hydrodynamic theories) is known as the classical irreversible thermodynamics
(CIT) approach. A well-known problem of the CIT approach is that it leads to fluid
perturbations that are allowed to propagate at unbounded speeds, violating the postu-
lates of special relativity. Causality violation is a consequence of the parabolic nature
of the diffusion operators that describe Navier-Stokes viscosity in the momentum equa-
tion, v V2u, and Fourier’s heat flux in the energy equation, x V27, being v and & the
coefficients of shear viscosity and heat-flux conductivity, respectively.
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Following the CIT approach, the deviatoric viscous stress tensor is I1*",
1
" = 2vat” 4 (R | ot = SH — geh‘“’, (105)

where 0 = D, U, is the relativistic dilatational coefficient. S*” is the relativistic rate-
of-strain tensor,

1
SHY = 3 (R DU" + h**D,U") (106)

where h*” = g" + U*U" is the spatial projection tensor. We can rearrange Eq. (105)
in the following way

" = 2vS* + \0h*" | (107)
where A = ( — %1/. The term o*” is traceless by construction,
— 1 —
ot, =S, — 300", =0, (108)

while the bulk viscosity yields the trace (0h*, = 3¢6 to the deviatoric tensor,
I, =3¢0 . (109)

However, this is not an appropriate theory for relativistic dissipative fluids and one
needs to go beyond this approach. This was first done by Cattaneo, including relaxation
times in the constitutive relations,

7,0.q+q=—kVT, (110)
0115 + 115 = 117, (111)
leading to the fluid equations known as Maxwell-Cattaneo equations, later adapted in

[srael-Stewart theories for relativistic fluid dynamics. In the following, for simplicity,
we will only consider the subrelativistic Navier-Stokes description.

5 Single-fluid MHD equations

In previous section, we have considered first-order hydrodynamic theories separately
for each species. When we want to include collisions, we need to recover the effect
of (dfs/dt). in the right hand side of Vlasov equation and take into account also the
effect due to collisions between different species. We will consider a fluid composed by
two species: electrons and ions, as commonly considered in MHD.

We expect collisions to mostly have an impact on the velocity-dependent part of the
distribution function as collisions can change significantly the velocity of the particles
but not as much the particle’s positions. Then, we can ignore the effect of collisions in
the continuity equation (the number of particles in a small volume is almost unaffected).
On the other hand, in the momentum equation, we get the additional collisional term

K.=m. [ dvo(df/d).. (112)
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We note that the momentum of a species cannot change by colliding with itself as
a consequence of being a collisional invariant. However, when having two fluids, the
momentum of electrons in a volume will be changed by collisions with the ions and we
expect that the change in momentum of one species will have a corresponding effect
on the other species, K. = —K,;. This allows to simplify the two-fluid equations by
combining them into a one-fluid model (MHD). The single fluid has the following mass
density, charge density and velocity

Pm = MeNe + MM = MNG , Pe = geNe + 0 = e(n; — ne) (113)
1

u = —(mn;u; + meneu,) , (114)
Pm

the following current density and total pressure

JZQiniui+Qeneueu P:]Di"i_PE‘ (115)

We are now ready to derive the MHD equations. Let us start with the mass conserva-
tion law, found combining the continuity equation for both species,

Opm + V- (ppu) =0. (116)

Multiplying the ion continuity equation by ¢; and the electron continuity equation by
g and adding we find the charge conservation law

ope+V-J=0, (117)
which is also a direct consequence of Maxwell equations.

Combining the momentum equations for electrons and ions we find

pou+ pu-Vu=—-VP+J x B+ pF/m+11;, (118)

where we have reintroduced mass forces that can change the momentum (e.g., gravity)
and the deviatoric stress tensor II;; due to the viscosity that was found following
Navier-Stokes description (or computed in Chapman-Enskog theory) to take the form

assuming Stoke’s hypothesis (zero bulk viscosity).

Finally, we can find a generalized Ohm’s law by multiplying the momentum equation
by gs/ms and adding the ion version to the electron version. Furthermore, we neglect

quadratic terms and use ¢; = —¢q. = e, to find
e e e’n.  en; e2n,
oJ =——VP+—VP, + + E + u. X B
m; me me my me
2.
+6”ZuixB+<i+i)K, (120)
m; my  Me
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We can simplify this expression by taking m. < m;, assuming charge neutral plasmas
ne ~ n; (note that this does not imply J = 0 for the MHD fluid), P, ~ P, ~ %P.

Then,

e e2p

VP+ (E+uxB) -
me mem; mec

(&

O = JxB+ —K,. (121)
2 me

We can already identify some known terms! The first term due to pressure gradients
is the responsible of the Biermann battery, and it can usually be ignored for small
pressure gradients. The Hall term corresponds to the J x B term and is usually
ignored when compared to w x B. Then, at very low frequencies, 0;J can also be
ignored, and we are left with

Ki=-L(E+uxB). (122)

my;

We can argue that the collision term corresponding to the change of momentum in ions
due to electrons should be up to first order proportional to K; = Cy(u;—u.) = —CaypdJ.
Introducing this, we can recognize the Ohm’s law if we set Cy = pe/(m;o),

J=0(E+uxB). (123)

By neglecting all the aforementioned terms, we find the resistive MHD equations,
after we couple the fluid equations found to the Maxwell equations. In the limit
of a collisionless fluid, then the conductivity becomes infinite, and Ohm’s law yields

E = —u x B, which is then the limit of ideal MHD, and no charges imbalances are
allowed. The covariant formulation of Ohm’s law becomes
JH = pU" +oE". (124)

In general, we will work with resistive MHD as diffusivity effects becomes very relevant
in the early Universe description of magnetic fields as, for example, in MHD turbulent
decay and in processes like magnetic reconnection and dynamos.

6 Induction equation

We now focus on the Maxwell equations, that determine the dynamical evolution of
the magnetic field,

V.-E=p., OE=VxB-J, (125)
V.-B=0, ,B=-VxE. (126)

The electric field in Faraday’s law of induction is determined by Ohm’s law J = o E
which generalizes to J = o(E +u x B) for a fluid in motion. Introducing the magnetic
diffusivity n = 1/0, Ampere’s law can be expressed as

(%Jrat)E:—(%—V)xB. (127)
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Comparing both terms multiplying the electric field, we can estimate that the displace-
ment current is negligible when the time scale of the electric field variations exceeds
the Faraday time tpyaday = 7/c¢?. This is the case in all the situations we will be con-
sidering in astrophysical plasmas as well as in the primordial plasma after the onset
of radiation-domination when the Universe becomes extremely hot and dense. Under
this approximation, we find

1
VxB:J:E(EJruxB), (128)

such that the electric field is
E=nJ -uxB. (129)

We can then take the curl of Ampere’s law to find the induction equation (under the
large conductivity limit),

B=Vx(uxB-nJ)=V x(uxB)+nV’B. (130)

Using dimensional analysis, we can compare the non-linear induction term, which is
of order V x (u x B) ~ UB/L with the magnetic diffusivity term nV*B ~ nB/L?.
Hence, we can define the magnetic Reynolds number as the ratio of non-linear to
diffusion terms

L
Re,, — UT (131)

in a similar way as the Reynolds number. This determines the scales at which the
diffusivity becomes relevant. The ratio of Reynolds to magnetic Reynolds number is
defined as the magnetic Prandtl number

Pr,, = —, (132)

and determines the ratio of viscous to magnetic diffusion rate.

7 Summary of MHD equations in the subrelativis-
tic limit

In addition to Maxwell equations, which reduce to the induction equation when we
can neglect the displacement current,

OB=Vx(uxB)+nV*B, J=VxB, (133)

we need to solve for the fluid conservation equations, studied in previous lectures.
First, we consider the continuity equation

Opm +V - (pmu) =0, (134)
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and we include Navier-Stokes equation with the Lorentz force,
1 1
ou+ (u-Viu=—-—-Vp+-JxB+2vV -0, (135)
P P

where 0;; = %(u]l + u; ) — %dijV - u is the traceless rate-of-strain, determining the

viscous-stress tensor. The Lorentz force can be expressed as
JxB=-VB*+B-VB, (136)

such that B? acts as a pressure term, giving a total pressure p* = p + B?. The
ratio among both contributions is the g parameter and characterizes the strength of a
magnetic field in a plasma,

p
== 137
=2 (137)
The conservation of internal energy also includes Ohmic dissipation,
Op+u-Vp+pV-u=-V-q+2v8:Vu—nJ>. (138)

Hence, the viscosity and magnetic diffusivity dissipate kinetic energy from the system
into heat.
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